Rayleigh's formalism is generalized for the evaluation of the effective material properties in multicoated circular fibrous multiferroic composites. The derived solution is applied to the special three-phase composite in which coated fibers are embedded in a matrix. For composites made of piezoelectric (BaTiO 3 ) and piezomagnetic (CoFe 2 O 4 or Terfenol-D) phases, we find that the magnetoelectric effect in the composite made of CoFe 2 O 4 coated BaTiO 3 in matrix Terfenol-D is five times larger than that in the composite made of BaTiO 3 coated Terfenol-D in matrix CoFe 2 O 4 . Furthermore, in each case, with appropriate coating to the circular fiber, the magnetoelectric effect in the coated composites can be enhanced by more than one order of magnitude as compared to the corresponding noncoating composite.
I. INTRODUCTION
This work is concerned with the magnetoelectric (ME) effect of a periodic array of multicoated circular fibrous piezoelectric-piezomagnetic composites. ME materials, which simultaneously show two or more types of ferroelectric, magnetic, or elastic orderings, have been the focus of research due to the varieties of their microstructural phenomena and macroscopic properties. These make them promising for a wide range of applications, such as magnetic field sensors, electrically controlled microwave phase shifters, four-state memories, etc. 1, 2 However, this coupling is weak in single-phase materials, and is often observed only at very low temperatures. For instance, Cr 2 O 3 has a ME voltage coefficient of 0.02 V/cmOe below the antiferromagetic Néel temperature of 307 K. 3 This is insufficient for practical applications and thus has motivated the study of composites of piezoelectric and piezomagnetic media, as reviewed recently by Spaldin and Fiebig, 4 Eerenstein et al., 1 Nan et al., 2 and Srinivasan. 5 The "product property" causes the ME effect in multiferroic composites: an applied electric field creates a strain in the piezoelectric material, which in turn creates a strain in the piezomagnetic material, resulting in a magnetic polarization.
A number of micromechanical models for two phase composites were proposed to predict the effective moduli of multiferroic composites. Among them, Nan 6 and Huang and Kuo 7 used the Green's function approach to study a fibrous composite consisting of BaTiO 3 and CoFe 2 O 4 . Benveniste 8 derived an exact expression for the effective magnetoelectroelastic moduli for transversely isotropic fibrous composites based on a formalism of Milgrom and Shtrikman. 9 Harshe et al. 10 14 Li, 15 Wu and Huang, 16 and Srinivas et al. 17 The frequency-dependence of the ME coefficients of multiferroic laminates was studied by Bichurin et al. [18] [19] [20] A complete review of all of this literature can be found in Nan et al. 2 and Bichurin et al.
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Recently, some multi-phase piezoelectric and piezomagnetic composites were made experimentally to enhance the ME coupling. Nan et al. 21, 22 prepared three-phase ME particulate composites with Terfenol-D particles in a lead zirconate titanate (PZT)-polyvinylidene fluoride (PVDF) mixture, and the measured ME coefficient was enhanced to 45 mV/ cm. Gupta and Chatterjee 23 made a three-phase BaTiO 3 -CoFe 2 O 4 -PVDF particulate composite and showed a maximum ME voltage coefficient around 26 mV/cmOe. Chau et al. 24 investigated the ME behavior of composites consisting of Terfenol-D and PZT with the polymer PMMA, polymerized ethylene oxide (PEO), or Li þ -PEO and demonstrated that higher matrix conductivity could enhance the ME signals. Jadhav et al. 25 prepared a three-phase combination of Ni 0.5 Cu 0.2 Zn 0.3 Fe 2 O 4 /BaTiO 3 /PZT and measured a maximum ME coefficient of 975 lV/cmOe.
The inhomogeneity-coating-matrix composite is a special and interesting three-phase heterogeneous material. The coating, a thin layer of the third phase intervening between an inclusion (or inhomogeneity) and the matrix, creates some important applications. For instance, to reduce the heat or stress concentration along the interface, interphase layers are often introduced to act as thermal barriers. To enhance the electric conductivity of the electric composites, coated fibers are designed to serve as reinforcements. Such coatings may have constant or spatially varying properties. 26 Research into graded multiferroics has primarily been confined to the study a)
Author to whom correspondence should be addressed. Electronic mail: hykuo@mail.nctu.edu.tw. of bilayer and multilayer structures. Among them, piezoelectric or piezomagnetic coefficients are assumed to have linear variation in the direction of the thickness, [27] [28] [29] although an exponentially graded assumption was also adopted recently. 30, 31 Apart from these laminate structures, Wang and Pan 32 investigated how the imperfect interface affects the ME effect in a multiferroic fibrous composite. Pan et al. 33 showed that the nonclassical interface condition exerts a significant influence on the local and overall ME responses, especially when the fibers are at the nanoscale. Wang et al. 34 enhanced the ME effect via the curvature of a heterogeneous cylinder. Thostenson et al. 35 experimentally coated carbon fibers with carbon nanotubes (CNTs), which were then embedded in a polymer matrix. They showed that CNT-coated carbon fiber composites could improve the local interfacial load transfer, and therefore were likely to reinforce the local strength along the interface of the carbon fiber and the polymer matrix. Good effective thermal conductivity for coated fiber filler composites was also analytically predicted by Hatta and Taya. 36 They theoretically showed that the use of highly conductive or resistive coating, even if its thickness is small, is quite efficient in enhancing the overall thermal conductivity or resistivity. Nicrovici et al. 37 studied the equivalence between a coated three-phase composite and the corresponding twophase composite on the dielectric constants or the transport coefficients.
In this paper, by generalizing Rayleigh's classic approach, 38 we investigate the ME properties of circular fibrous composites under the generalized anti-plane shear deformation. The solution can be for any multicoated circular fibers in a matrix. As a numerical example, we apply our solution to the coated fiber in a matrix made of BaTiO 3 , CoFe 2 O 4 , and Terfenol-D. This article is organized as follows: We consider, in Sec. II, a composite made of piezoelectric and piezomagnetic phases arranged on a microstructure consisting of parallel cylinders in a matrix. The phases are transversely isotropic and under anti-plane shear with in-plane electromagnetic fields. In this situation, the fields are decoupled in the interior of every phase, and the coupling between the fields occurs only through the interface conditions. We exploit this in detail in Sec. III in order to obtain a representation of the solution for the multicoated circular cylinder. We obtain the effective properties in Sec. IV, and show that the macroscopic (or overall effective) properties depend only on a single expansion coefficient. This methodology is illustrated in Sec. V using composites made of BaTiO 3 , CoFe 2 O 4 , and Terfenol-D.
II. FORMULATION
Let us consider a composite consisting of a periodic rectangular array of parallel and separated circular cylinders. The domain of the cylinder is denoted by V. We assume that the cylinders and the matrix are made of distinct phases. Further, we assume that each phase is either piezoelectric or piezomagnetic with transversely isotropic symmetry (i.e., has 6mm symmetry) about the fiber axis. We introduce a Cartesian coordinate system with the x-and y-axes in the plane of the cross-section and the z-axis along the axes of the cylinders. The origin of the coordinate is positioned at the center O of one of the cylinders (Fig. 1) . The sides of the unit cell X parallel to the x-and y-axes are, respectively, denoted by a and b, and the cylinders are of the same size.
Let the composite be subjected to anti-plane shear strains e zx ; e zy , in-plane electric fields E x ; E y , and magnetic fields H x ; H y at infinity. Thus the heterogeneous material is in a state of anti-plane shear deformation 8 and can be described by
where u x , u y , and u z are the elastic displacements along the x-, y-, and z-axes, and u and w are, respectively, the electric and magnetic potentials. The general constitutive laws for the nonvanishing field quantities can be written in a compact form as
where 
In Eq. (3), r zj , D j , B j , e zj , E j , and H j are the stress, electric displacement, magnetic flux, strain, electric field, and magnetic field, respectively. C 44, j 11, l 11 , and k 11 are the elastic FIG. 1. A schematic representation of the square-arrays composite in which the unit cell is made of a coated cylindrical fiber within the matrix. The volume fraction of the inclusion f, is defined as the ratio of the volume of the fiber plus the coating layer over the total volume of the unit cell (fiber plus coating layer plus matrix). The radius ratio of the fiber over the coating shell is defined as c.
modulus, dielectric permittivity, magnetic permeability, and ME coefficient, while e 15 and q 15 are the piezoelectric and piezomagnetic coefficients. The shear strains e zx and e zy , inplane electric fields E x and E y , and in-plane magnetic fields H x and H y are related to the gradient of the elastic displacement, electric potential, and magnetic potential. Making use of the equilibrium equations (in the absence of body force, electric charge density, and electric current density), the elastic displacement w and the electric and magnetic potentials u and w are found to satisfy
where
which should be satisfied in the interior of each phase. In other words, the three fields-elastic displacement, electrostatic potential, and magnetostatic potential-are completely decoupled in the interior of each phase. These differential equations can be solved, subject to suitable interface and boundary conditions. We assume that the interfaces are perfectly bonded, and therefore the field quantities satisfy
where Á ½ ½ denotes the jump in the associated quantities across the interface, n is the unit outward normal to the interface, t is the unit tangent to the interface, and the repeated index j denotes the summation over the components x and y. Because L is different in each phase, the fields w, u, and w are generally coupled by the interface equations.
III. MULTICOATED CIRCULAR CYLINDERS
We consider the case in which the fibers are multicoated circular cylinders with an outer radius a 1 . We denote the matrix as phase 0, with material parameters C 44 (0) , e 15
, q 15
, and k 11
. The multicoated cylinder consists of a core with radius r ¼ a M , surrounded by (M À 1) coating layers. The jth layer of the coatings occupies the annulus V j : a jþ1 5r5a j ; j ¼ 1; 2; ::
Because the innermost core is solid, we have a Mþ1 ¼ 0. We assume that the material properties of the jth layer of the multicoated cylinder are C 44 , and k 11 (j) . Furthermore, without a loss of generality, we consider the situation in which the composite is subjected to a macroscopically uniaxial loading
for constants e zx ; E x , and H x . We may write this in short as
where U represents the appropriate field: the anti-plane deformation w, the electric potential u, or the magnetic potential w.
The potential field (the elastic deformation w, electric potential u, or magnetic potential w) for each layer of the multicoated circular cylinder and its surrounding matrix can be expanded with respect to its center O as UðjÞ n are unknowns, to be determined from the interface and boundary conditions. Note that the sine terms that would be present in a general expansion are missing because we impose a uniaxial loading along the x-direction only. Further, Uðr; hÞ has to be antisymmetric with respect to the y-axis, and thus only terms with an odd number are included. In addition, because the potential at r ! 0 should be finite, we can set B 
with
being the lattice sums characterizing the geometry of the periodic structure, and (X l þ iY l ) the center of the lth cylinder when measured at the central point O. The index l runs over all the cylinders underlying the periodic array except for the central one. A list of nonzero normalized lattices for square arrays can be found in Berman and Greengard. 40 Equations (16) and (17) constitute an infinite set of linear algebraic equations. Upon appropriate truncation of the expansion terms, we can determine the expansion coefficients A UðjÞ n and B UðjÞ n . Once these coefficients are obtained, we have the solutions for the elastic deformation w, electric potential u, or magnetic potential w. By taking the derivatives, we can finally obtain the field solutions in each phase of the composite.
IV. EFFECTIVE MODULI
Our solutions above are now applied to derive the effective properties. Here we concentrate on a square array, i.e., a ¼ b. Although in the case of elasticity a square arrangement of circular cylinders results, in general, in a square symmetry, 41 it turns out that in the case of conduction, square symmetry and transverse isotropy become identical. 42 This statement is also correct for magnetoelectricity under the generalized anti-plane shear deformation, which is the case in our study. Therefore, there is no distinction between the effective properties of the x-and y-axes.
We first recall the basic definition of the effective magnetoelectroelastic parameter L * , given by
where the angular brackets denote the area averages over the unit cell X, i.e.,
For the given far-field in Eq. (7), we can compute the average Z x by noting that each component is a gradient and applying the divergence theorem. We obtain
Next, in order to find R U x , we again use the divergence theorem, equilibrium condition, and interface conditions to arrive at
We then use field expansions (9) and (10) to obtain
Here
Putting Eqs. (22) and (24) together, and recalling the constitutive relation (2) for the matrix, we obtain 
Putting together Eqs. (19) and (26), and noting that the coefficient B Uð0Þ 1 depends linearly on the applied field, we obtain the equations for the effective property L * .
V. RESULTS AND DISCUSSION
As a numerical example, we apply our solution to a single coated fiber, i.e., M ¼ 2, for which the radii of the (fiber) core and coating shell are, respectively, a 2 and a 1 . For the piezoelectric material, we consider the widely used BaTiO 3 (BTO). For the piezomagnetic material we consider CoFe 2 O 4 (CFO) as well as the Terfenol-D alloy (TD). All of these are transversely isotropic. The material properties are listed in Table I in Voigt notation, where the xoy plane is isotropic and the unique axis is along the z-direction. Note that in all materials the ME coefficients are zero, i.e., k 11 ¼ 0.
The ratio of the radius between the circular fiber and the coating shell is defined as c ¼ a 2 /a 1 , and the coated fibers are embedded in the matrix in a square array pattern. It is obvious that if c ¼ 0, then a 2 ¼ 0. In other words, there is no fiber phase. On the other hand, if c ¼ 1, it means that there is no coating shell. In our study, we are particularly interested in the ME voltage coefficient, which is the important figure of merit for magnetic field sensors. It relates the overall electric field that is generated in the composite when it is subjected to a magnetic field. It combines the coupling and dielectric coefficients, and is defined by
(27) Figure 2 shows the dependence of the ME coefficient in coated fibrous composites on both the volume fraction f and the ratio of the radii of the fiber and the shell c ¼ a 2 /a 1 . The volume fraction is defined as the volume of the fiber and the coated shell over the total volume (i.e., the fiber, plus the coated shell and the matrix). Figure 2 (a) is for (fiber/coating/ matrix) ¼ (BTO/TD/CFO). It is observed that, for a fixed volume fraction, the ME effect increases when the radii's ratio c increases from 0 to 0.70; then it decreases with increasing c. Furthermore, for a fixed c, the ME effect increases with increasing volume fraction and, in most cases, reaches its maximum where the volume fraction f is around 0.74. Figure 2(b) shows the corresponding results when the fiber and coating shell in Fig. 2(a) are switched. Compared to Fig.  2(a) , it is obvious that although the magnitude of the ME is about the same, the direction or the sign has been changed. Furthermore, the maximum magnitudes are all reached around f ¼ 0.30, and the magnitude increases with increasing c from 0 to 0.94 (the maximum ME effect is about 0.740 V/cmOe, slightly larger than in the first case). Figure 2 (c) shows the ME effect for the composite made of (fiber/coating/matrix) ¼ (BTO/CFO/TD). The ME effect is positive, and for fixed f, it increases with increasing c (from 0 to 0.84). It reaches its maximum value 3.304 V/cm Oe at c ¼ 0.84, and then it decreases. Furthermore, for any fixed c, the ME effect reaches its maximum when f is around 0.70. Figure 2(d) shows the ME effect in the composite when the coating shell and fiber in Fig. 2(c) are switched. Similarly, the ME effect increases from c ¼ 0 to 0.96, and then decreases. Also, in Figs. 2(c) and 2(d), the maximum ME value is about 3.5 V/cmOe, and in Figs. 2(a) and 2(b) it is only about 0.7 V/cmOe. Furthermore, as compared to the uncoated case, where the ME value is either zero or very small, the ME effect in the coated fibrous composites can be enhanced by 10 times. Similar trends are also observed if we replace BTO with PZT-5A.
VI. CONCLUSIONS
We have extended Rayleigh's formalism on periodic conductive composites to a magnetoelectroelastic composite consisting of multicoated circular cylinders under anti-plane shear deformation, in-plane electric field, and in-plane magnetic intensities. Expressions for the effective moduli of the composite are derived. As a practical example, explicit numerical calculations for the ME effects of a BTO/CFO/TD coated composite are presented and discussed. These examples show that with a coating appropriate for the inhomogeneity (fiber), the effective ME effect can be enhanced by one order of magnitude as compared to the noncoated counterpart. While our numerical results are based on piezoelectric BaTiO 3 and piezomagnetic CoFe 2 O 4 or Terfenol-D, the enhancement of the ME effect based on other materials, such as BiFeO 3 , NiFe 2 O 4 , etc., could be possible. Therefore, different material phases and volume fraction ratios are some alterative channels for improving the effective material properties of multiferroic composites.
